A numerical solution for competitive diffusion into two static charged sinks is presented and compared against an approximate analytical solution. It is shown that for an attractive Coulomb potential the correction to the total diffusive flux of ionic reactants due to diffusion interaction between sinks may be ignored for large enough values of the Onsager length and thus the reaction rate can be described by the classical Debye formula. On the other hand, for repulsive potentials the competition becomes more profound than in the case of uncharged sinks. However, this effect is of little interest because of a small value of the diffusive flux on the reaction surface.
I. INTRODUCTION
The classical theory of irreversible diffusion-controlled bimolecular reactions between neutral reactants A and B in an inert solvent A + B→ k A was first developed by Smoluchowski when dealing with coagulation of colloids. 1 He obtained the following diffusion-controlled steady-state rate coefficient: where ␤ =1/k B T, k B is the Boltzmann's constant, and T is the absolute temperature. Hummel 3 performed a further generalization using the Collins-Kimball partially reflecting boundary condition instead of the Smoluchowski one which was used by Debye. In the case of the Coulomb interparticle potential the Hummel's rate constant reads
where r c is the Onsager length, r c = ␤͉z A z B ͉e 2 /4 0 r ͑ 0 being the permittivity of free space, r the dielectric constant of the medium, e the electronic charge, and z A e and z B e the charges of ions A and B, respectively͒, = sgn͑z A z B ͒, and k in is the intrinsic rate constant at the encounter distance. These formulas work well for many systems with interparticle interaction at low concentration of particles A. However, the validity of Eqs. ͑2͒ and ͑3͒ for nondilute systems remains questionable. Note that for many real systems the interaction between ions would be better modeled by the screened Coulomb potential. Here we focus on the case of bare Coulomb potential because strong concentration effects, if any, would be more pronounced in this case.
It is well known that the concentration dependence arises due to the competition or, more correctly speaking, diffusive interaction ͑DI͒ for diffusing reactants among the reactive regions. 1 The main objective of the present paper is to treat numerically the problem of DI between two static charged sinks absorbing charged reactants in order to estimate the role of the competition effects which can lead to a strong concentration dependence. We will show that the competition effects are negligible for an attractive Coulomb potential, that is, the reaction rate is well described by the classical Debye ͑Hummel͒ formula. DI becomes significant only for repulsion, where the diffusive flux itself is small. However, the latter situation is of little practical interest.
The paper is arranged as follows. The general mathematical statement of the problem is given in Sec. II. Section III contains exact solutions of the problem for reactions between neutral reactants under the Smoluchowski and partially reflecting boundary conditions. Moreover, we reformulate the problem at issue in terms of bispherical coordinates to solve it numerically. In Sec. IV we present the results of our numerical calculations for the total diffusive flux of particles into two charged sinks and compare this solution with the recent approximate analytical solution. 4 Conclusions are summarized in Sec. V.
II. FORMULATION OF THE PROBLEM
It is clear that in the full statement we deal with a difficult many-body problem so we restrict our study to the model of static sinks. This model is still of considerable current use ͑see, e.g., Refs. 5-10͒. Let us consider the motion of diffusing negative ions B − carrying the charge z B e Ͻ 0 around two immobile positive ions A + ͑sinks͒ carrying the charge z A e Ͼ 0. Let L be the distance between sinks. For the sake of simplicity, we consider spherical sinks of the same radii, i.e., R 1 = R 2 = R. We also assume that the concentration of ions B − is small enough to neglect the dynamical interaction between them. Thus any ion B − diffuses in the following potential:
where r 1 and r 2 are its radial coordinates associated with each sink. We choose sink centers O i to be located on the z axis equidistant from the origin ͑see Fig. 1͒ . It is known that the DI becomes most prominent in the steady state. 11 This allows us to estimate the maximum DI effect using the relevant steady-state Debye-Smoluchowski equation ͑DSE͒,
where ⍀ * is a domain outside the sinks, n B is the local concentration of particles B − , and apparently for the model at issue D = D B . Mathematically we need to find the solution to Eq. ͑5͒ in an exterior of two balls:
where B R ͑O i ͒ denotes a closed ball corresponding to the ith sink ͑see Fig. 1͒ , i.e.,
We assume that the recombination occurs when ions A + and B − approach each other to the encounter distance R. This leads to the following boundary condition:
where k in is the intrinsic reaction rate constant at encounter. In the fully diffusion-controlled regime ͑k in → ϱ͒ the corresponding boundary condition reads
At infinity, n B approaches its bulk value n 0 , i.e.,
Due to a complicated geometry ͓we are dealing with the so-called periphractic domain ⍀ * , i.e., the domain with a disconnected boundary ‫ץ‬⍀ * consisting of two connected components: spheres ‫ץ‬B R ͑O i ͔͒, it is not feasible to reduce the given DSE to an equation with R-separable variables. Moreover, contrary to the case of pure diffusion or diffusion in an external electric field, the DSE cannot be solved analytically even in the relevant local coordinates because Eq. ͑5͒ does not possess the symmetry under translation.
Our goal is to find the total flux into a sink which is the same for both sinks due to the symmetry of the problem, i.e.,
Here the flux ⌽ is normalized by the Smoluchowsky rate constant. Note that the total flux is equivalent to the reaction rate constant in the present formulation. For problems with DI between sinks it is expedient to recast the posed boundary-value problem ͑5͒-͑9͒ in terms of the reduced concentration n =1−n B / n 0 for which lim r i →ϱ n =0.
III. SOLUTION OF THE PROBLEM

A. Neutral reactants
First we dwell on a simple, but important, particular case of uncharged particles ͑U͑r͒ϵ0͒ which can be treated exactly and further used as a test solution for our numerical calculations. The problem is solved with the aid of orthogonal bispherical coordinates. 12, 13 This is a regular coordinate system, such that an open parallelepiped
Here ͑x , y , z͒ are Cartesian coordinates with the origin at the midpoint between the centers of the sinks, r 2 = x 2 + y 2 + z 2 , and 2a is the distance between two poles of bispherical coordinates ͑ → ± ϱ͒ located on the z axis at z = ±a ͑see Fig.  1͒ . For definiteness we assume hereafter that the first sphere coincides with the coordinate surface =− 1 Ͻ 0, and the second one with = 1 Ͼ 0.
Note that bispherical coordinates ͑ , , ͒ are dimensionless and the focal distance a ͑a = R sinh 1 , 0Ͻ a Ͻϱ͒ is the only scale factor which has the dimension of length. For two equal spheres we have
where The corresponding DSE transforms into the axially symmetric Laplace equation which may be written as follows:
This equation can be easily solved under the Smoluchowski boundary condition ͑8͒ ͑Refs. 12 and 14͒,
where P m ͑cos͒ are the Legendre polynomials. The total reduced flux into a sink ͑10͒ is given by
One can rewrite Eq. ͑13͒ in the alternating form,
It is worth noting that formula ͑14͒ can also be obtained by adding the series for the corresponding capacitance coefficients c 11 and c 12 ͑see, e.g., Ref. 15͒. These series are derived by the method of images ͑see also a similar approach in the recent work 16 ͒, which is equivalent to the alternating method of reflections. 17 So for two uncharged sinks, the method of separation of variables in bispherical coordinates and the method of images ͑this method is sometimes referred to as an inversion method 12 ͒ are closely related. Particularly, it can be shown that the sequences of image poles converge to the focuses of the bispherical coordinate system ͑±a , 0, 0͒.
When the concentration is subjected to the partially reflecting boundary condition on the sink surface ͑7͒ the use of bispherical coordinates leads to recursive equations with respect to unknown coefficients which are not convenient for calculation. [5] [6] [7] [8] [9] [10] The use of the finite difference Green's function method 18 eliminates this problem. However, the simplest way to derive the flux in this case is by separation of variables in the corresponding local spherical coordinates ͑r i , i , i ͒ with the help of the general translation addition theorem for irregular solid harmonics,
where
, and P l m ͑͒ are the associated Legendre polynomials. Particularly in the case of axial symmetry ͑m =0͒, Eq. ͑15͒ gives
The addition theorem ͑15͒ allows us to solve the general problem on DI between N arbitrary located sinks of different radii and reactivity. Note that this can also be performed with the help of Cartesian irreducible tensors. 19 One can see that outside the ith ball ͓i.e., in ⍀ i = R 3 \ B R ͑O i ͔͒ any axially symmetric regular ͑n i → 0 as r i
‫ء‬
→ ϱ͒ harmonic function is of the following general form:
where r i ‫ء‬ = r i / R are the dimensionless spatial coordinates. It is clear that for the domain under consideration ⍀ * = ⍀ 1 പ ⍀ 2 , so we have the general representation of the reduced concentration
Note that this decomposition is unique and straightforward to generalize to the case of any finite number of sinks. An unknown sequence of constants ͕A l i ͖ ͑for the problem at issue A l 1 = A l 2 ϵ A l ͒ is the solution of the infinite system of linear algebraic equations
and h = k in / k S is the dimensionless intrinsic rate constant. The set of Eqs. ͑18͒ may be truncated and then solved by iteration. 20 So we obtain for the total reduced flux
where the superscript denotes -truncated matrices, E is the infinite identity matrix, and M is defined by Eq. ͑19͒. Since Eq. ͑20͒ converges very fast one can treat it as an exact solution to verify our numerical method.
B. Coulomb interaction
Now we can apply the above approach to the case of ionic reactants. In bispherical coordinates the DSE ͑5͒ reads Here
, and
On the z axis =0 if ͉z͉ Ͼ The condition at infinity ͑9͒ transforms under mapping b into the following condition at one point ͑ , ͒ = ͑0,0͒:
The boundary conditions on the reaction surfaces ͑7͒ take the form
͑24͒
For these partially reflecting boundary conditions the total reduced flux into a sink is given by the quadrature ⌽͑r c ‫ء‬ ,;h͒ = 1 2
For the fully diffusion-controlled regime the boundary conditions ͑24͒ are simplified to
and the flux may be calculated by the following formula:
C. Numerical method
The numerical solution of Eq. ͑21͒ in bispherical coordinates was calculated using the finite element method in conjunction with adaptive meshing and error control, on the basis of FEMLAB. 21 The absolute error for the flux was less than 0.1%. Figure 2 provides a visual illustration of numerical accuracy, comparing numerical results against the exact theory for ⌽ / k 0 , Eq. ͑20͒.
IV. COMPARISON OF NUMERICAL RESULTS WITH APPROXIMATE ANALYTICAL SOLUTION
Recently, the exact first-order correction in the parameter 1 to the total flux of charged particles has been derived with the help of the matching asymptotic expansions and reflections. 4 The two-term expression describing approximately the concentration field in the neighborhood of the ith sink with accuracy O͑͒ reads
Here the zeroth-order inner approximation n i0 is
Formula ͑26͒ allows us to find an approximation for the normalized total flux of diffusing ions B − into the ith sink,
Here
is the dimensionless Hummel rate coefficient for the attractive Coulomb potential 3 ͑i.e., the dimensionless total flux unperturbed by the other sink͒. It is clear that the function ⌽͑r c ‫ء‬ , ͒ / ⌽ 0 characterizes the strength of the DI.
A monopole approximation for the total flux of particles B − has been derived in Ref. 4 as well,
One can see that using this formula we can obtain the first correction to the DI given by Eq. ͑28͒.
In the particular case of the fully diffusion-controlled recombination, Eq. ͑28͒ can be written in an alternative form,
is the Debye rate constant ͑2͒ for the attractive Coulomb potential. It is worth noting 22 
144507-5
Diffusion-controlled reactions J. Chem. Phys. 126, 144507 ͑2007͒ r c ‫ء‬
͑33͒
Otherwise, one can ignore the DI and calculate the total flux by the Debye ͑Hummel͒ formula. It is evident that in the fully diffusion-controlled case the monopole approximation ͑30͒ yields
It is important to note that although formulas ͑30͒ and ͑34͒ are presented for an attractive potential they can be used to describe the case of repulsion as well if one formally changes the sign of the Onsager length, i.e., r c ‫ء‬ → −r c ‫ء‬ . Contour maps of the local concentration n B / n 0 for different values of the Onsager length are presented in Fig. 3 . One can clearly see that in the case of attraction ͓Fig. 3͑b͔͒ the concentration field is screened and, hence, there is essentially no DI. In the opposite case of repulsion ͓Fig. 3͑c͔͒, the concentration field is smeared revealing strong DI. The case of neutral reactants is intermediate ͓Fig. 3͑a͔͒, with observable disturbance of the local concentration field and thus considerable DI. Figure 4 illustrates the absolute value of the flux ⌽͑r c ‫ء‬ , ͒ into a sink for the fully diffusion-controlled recombination. It is clear that despite the strong DI for the repulsive potentials the value of the diffusive flux is very small. In Figs. 5 and 6 one can see that the monopole approximation ͑34͒ works well both for attractive and repulsive potentials, even for small distance between sinks ͑ approaching 0.5͒. Figures 7 and 8 show the comparison of the exact flux calculated numerically against the approximate analytical expression ͑28͒ for different values of the dimensionless intrinsic rate constant and the Onsager length, respectively. Both the first-order approximation and the monopole approximation demonstrate good accuracy and prove themselves sufficient for most practical applications.
V. CONCLUDING REMARKS
A numerical investigation of the bulk diffusioncontrolled reaction between diffusing charged particles and a system of two oppositely charged static spherical sinks has been performed with the help of bispherical coordinates. We have estimated the role of the DI effects, which can lead to a strong concentration dependence of the stationary rate constant. However, we have shown both numerically and analytically that for attractive potentials with relatively large values of the Onsager length the effect due to DI is unimportant and the well-known Debye formula works well even for nondilute systems of sinks. The competition becomes profound for repulsive potentials. However, this effect is of little interest because of the small absolute value of the diffusive flux on the reaction surface. We have also shown that simple analytical formulas derived in Ref. 4 to estimate the effect of the DI work well for a large enough range of and the Onsager length. Moreover, for the case of two uncharged sinks we have established that the method of separation of variables in bispherical coordinates and the method of images are closely related. We have proposed that using the general translation addition theorem for irregular solid harmonics one can solve the general problem on DI between N arbitrarily located sinks of different radii and reactivity.
